Bounding the Greybody Factors for Non-rotating Black Holes 
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Semiclassical black holes emit radiation called Hawking radiation. Such radiation, as seen by an 
asymptotic observer far outside the black hole, differs from original radiation near the horizon of the 
black hole by a redshift factor and the so-called "greybody factor". In this paper, we concentrate on 
the greybody factor-various bounds for the greybody factors of non-rotating black holes are obtained, 
concentrating on charged Reissner-Nordstrom and Reissner-Nordstrom-de Sitter black holes. These 
bounds can be derived by using a 2 x 2 transfer matrix formalism. It is found that the charges of 
black holes act as efficient barriers. Furthermore, adding extra dimensions to spacetime can shield 
Hawking radiation. Finally, the cosmological constant can increase the emission rate of Hawking 
radiation. 



I. INTRODUCTION 

Classically a black hole is associated with the concept 
that anything which enters the black hole cannot escape. 
In 1974, Stephen Hawking, however, showed that semi- 
classically a black hole could indeed emit quantum radi- 
ation,an effect which became known as Hawking radia- 
tion This effect was derived by studying quantum 
field theory in a black hole background. In the con- 
text of quantum field theory, creation and annihilation 
of particles are possible. If pair production occurs near 
a black hole horizon, one can picture Hawking radiation 
as one of the particles from pair production falling in, 
with the other moving away from the black hole. An 
observer outside the black hole can see this particle as 
Hawking radiation. But according to general relativity, 
a black hole curves spacetime around it. This nontrivial 
spacetime behaves as gravitational potential under which 
particles move. Some of them are reflected back into the 
black hole and others are transmitted out of the black 
hole. Therefore, Hawking radiation seen by an observer 
far outside the black hole differs from radiation which 
had not yet been scattered by the gravitational poten- 
tial. This difference can be measured by the so-called 
"greybody factor" . 

There have been a number of studies devoted to cal- 
culating these greybody factors. Some used the WKB 
approximation to calculate the greybody factors of the 
four-dimensional Schwarzschild and Reissner-Nordstrom 
black holes Some solved the wave equation in a 

black hole background by various approximations 043 ■ 
However, there is a rather different analytic technique to 
derive rigorous bounds on the greybody factors [cHlPf. 
By using this method, bounds on the greybody factors 



of the four-dimensional Schwarzschild black holes was ob- 
tained in Ref. [111 ]. In this paper, we extend the analy- 
sis and derive rigorous bounds for the greybody factors 
of the four- dimensional Reissner-Nordstrom black holes, 
the higher dimensional Schwarzschild- Tangherlini black 
holes, the charged dilatonic black holes in (2 + 1) di- 
mensions, and the charged dilatonic black holes in (3 + 
1) dimensions. 



II. THE REISSNER-NORDSTROM BLACK 
HOLES 

The Reissner-Nordstrom (RN) metric is given by 

ds 2 = -Adt 2 + A- X dr 2 + r 2 dfl 2 , (1) 
where dtt 2 = d0 2 + sin 2 Bd(f> 2 and 

2GM G (Q 2 + P 2 ) 



A = 1 - 



(2) 



The Schrodinger-like equation governing the modes is 
given by 



drj + ^ 



V(r)] V = 0, 



where r* is the standard "tortoise coordinate" 



and 



V(r) 



1(1 + 1)A Ad r A 



(3) 



(4) 



(5) 
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Some purely technical computations are relegated to Ap- 
pendix A. We can see the structure of the Reissner- 
Nordstrom potential with Q = 1 and M = 2 from Fig. 

m 
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Using the analysis of (§l-[l0| , lower bounds on the trans- 
mission probabilities are given by 



T > sech 2 



Mr, 



(6) 



where 



() 



yj \h') 2 + (uj 2 - V - h 2 f 
2h 



(7) 



for some positive function h. We set h = u, then 

Vdr* 



T ■ sech 2 f — 
2w 



sech 



where 



A 2 



1 f 1(1 + 1) GM + 2A 
2ZJ \ GM + A + 3(GM + Af 



G 2 M 2 -G(Q 2 + P 2 ) 



(8) 



(9) 



If the black holes have no electric charges or magnetic 
charges, it is found that A = GM and the above bound 
is reduced to 



T > sech 2 



2/(Z + l) + l 



8GMu 



(10) 



which is exactly the bound for the Schwarzschild black 
holes emitting spinless particles From Fig. [2j the 

graph is plotted by setting GM = 2 and oj = 2. The 
point A = 2 corresponds to the uncharged RN black 
hole (which is the Schwarzschild black hole). The point 
A < 2 describes the effects of charges on the bound of 
the greybody factor. From the value of A, decreasing of 
A corresponds to increasing the magnitude of charges. 
The graph shows that when the magnitude of charges 
increases, the bound of the greybody factor decreases. 
That is the charges are good barriers to resist tunneling 
of uncharged scalar particles. Moreover, the transmission 
coefficients is smaller in higher angular momenta. 



By using the WKB approximation, the approximate 
transmission coefficient is given by [J] 



T w T W kb = exp 



,6 

Im / p(x)dx 

J a 



where 

We find that 

?WKB 



p(x) = y/2m[E-V(x)]. 



(11) 



(12) 



exp 



2tt 

T 



{2Gfc,(M-|) 



— (M - lo)^G 2 (M -lj) 2 -G (Q 2 + P 2 ) 
+My/ G 2 M 2 -G(Q 2 + P 2 )}] . (13) 

Derivation of this equation is given in Appendix B. Turn- 
ing now to an asymptotic analysis inspired by studies of 
quasi-normal modes, the approximate transmission coef- 
ficient for large ui is given by [l2T[l3 | 



T ss T, 



asymptotic 



a0u + 2 + 3e-^" ' 



(14) 



where 



01 



8irM 



1 + Q 2 /2GM 2 + 5Q 4 /16G 2 M 4 ' 

2 

2tt 



GM - V / G 2 M 2 - GQ 2 



\JG 2 M 2 - GO 2 



(15) 



The greybody factors obtained from the 2x2 transfer 
matrix formalism [Eq. (jBJ)] are compared with the asymp- 
totic result [Eq. (fT4j) ] on the graph shown in Fig. [3] The 
graph shows that the result from the 2x2 transfer matrix 
is closed to the asymptotic result at large io. Moreover, 
the 2x2 transfer matrix gives a true lower bound. 
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FIG. 1. The Reissner-Nordstrom potential with Q = 1 and 
M = 2 in different angular momenta. 



FIG. 2. Dependence of the bound of the greybody factor on 
the Reissner-Nordstrom black hole charges in different angu- 
lar momenta. 
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III. THE SCHWARZSCHILD-TANGHERLINI 
BLACK HOLES 

The Schwarzschild-Tangherlini metric in d dimensions 
is given by Q 



From Fig. [4j the Schwarzschild-Tangherlini potential is 
plotted with I — 1 and GM = 1 in various dimensions. 

The lower bound on the transmission probability for 
h = cj is 



T > seen 2 



ds 2 = - 


1 - 


(?) 


d-3" 


dt 2 + 


'-(7)" 















(16) 

where the Schwarzschild radius ro in d dimensions is 
given by 



with 



WnGM 



27r (d-l)/2 



d-2 



r 



d- 1 



(17) 



(18) 



The Schrodinger like equation is given by 

" d 2 



dr 



2 + lo 2 - V(r) 



where 



dr* 



f(r) 



dr 



(19) 



(20) 



and 



V(r) 



(d-2)(d-4) / 2 (r) , (d-2)f(r)d r f(r) 



+1(1 + d- 3) 



with 



/(r) = l-(^ 
r 



d— 3 



(21) 



(22) 




FIG. 3. Comparison of the bound of the greybody factor of 
the Reissner-Nordstrom black hole from the 2x2 transfer 
matrix and the asymptotic result. 



sech 



1 

1 

2uj 



Vdr a 



(d-2)(d-4)/(r) 



+ 



(d-2)d r f(r) 1(1 + d- 3) 



dr 



= scch 



(d-2)(d-3)+4«(/ + d-3) 



8cjro 

If d = 4, this bound is reduced to 

~2Z(Z + 1) + 1 



T > scch^ 



8GMu 



(23) 



(24) 



which is, again, exactly the bound for the four- 
dimensional Schwarzschild black holes emitting spinless 
particles. Figure [S] shows the plot between the trans- 
mission coefficients and the black hole mass in various 
dimensions. The graph is plotted by setting I = 1 
and cj = 2. The line d = 4 corresponds to the four- 
dimensional Schwarzschild black hole. The graph shows 
that when the black hole mass increases, the bound of the 
greybody factor also increases. However, for the same 
mass the bound of the greybody factor is less in higher 
dimensions 15 1 . 



IV. THE CHARGED DILATONIC BLACK 
HOLES IN (2 + 1) DIMENSIONS 

The Charged Dilatonic metric in (2 + 1) dimensions is 
given by Q 



4r 2 

- - " J -dr 2 



ds 2 = -f(r)dt 2 



r 2 d0 2 , 



(25) 




FIG. 4. The higher dimensional potential with I — 1 and 
GM — 1 in various dimensions. 
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where 



fir) 



-2Mr + 8A?" 



(26) 



For M > 8QvA, this spacetime describes a black hole 
with two event horizons 



M ± y/M 2 - 64Q 2 A 



8A 



The Schrodinger like equation is given by 
d 2 



dr 2 



+ a/ - V(r) 



u(r) = 0, 



where 



and 



dr„ 



2r 



-dr 



(27) 



(28) 



(29) 



V(r) = -(8m 2 A + 6mA) + 14A 2 r 



5M 2 



2iir M | - 

r 



-(4MQ 2 + 8m 2 Q 2 )l + ^f. (30) 

For simplicity, we consider the case of linearized cosmo- 
logical constant. By linearized cosmological constant we 
mean it is so small that its higher power can be approx- 
imated by zero. The potential becomes 



V(r) = -(8m 2 A + 6mA) + 



/5M 2 



V 8 
1 



2m z M 



1 



-(AMQ 2 + 8m 2 Q 2 )— + 



6Q 4 



(31) 



The (2 + 1) charged dilatonic potential is plotted with 
m = 1, A = 0.1, Q = l, and M = 10 as shown in Fig. El 
The coordinate can explicitly be written as 



1 



4A(r+ - r_) 



[r + ln(r — r + ) — r_ ln(r — r_)] . (32) 



The lower bound on the transmission probability for h = 
lu is 

1 



T > sech 2 



2uj 



Vdr, 



sech 



— / {-(8m 2 A + 6mA) 
2w J 



lr+ 

5M 2 „ 2 , \ 1 
2m 2 M I - 
r 



-(AMQ 2 



3m 2 g 2 )l 



6Q 4 



2r 



-dr 



— sech 



1 272mA(4m + 3) 1 11M (5M + 16m 2 



15^M 2 - 64Q 2 A w 96^/M 2 - 64Q 2 A 



1 „ 2 , 23 r+ - 1 1 /r+ - 1 

— (M + 2m 2 ) I — 

aT ') 15 r + + 1 3 V» + + 1 



1 (r 



1 



5 V r+ + 1 



1 3M f 23 r H 



1 



1 /r 



1 



w 16 \ 15 
1 (r± - 1 



3 \r + + 1J 5 \r + + 1 

1 6AQ 2 
w M + yjM 2 - 64g 2 A 



where 



M + y/M 2 - 64Q 2 A 



8A 



_ M + v/M 2 - 64Q 2 A - 8A 



8A 



M + v/M 2 - 64Q 2 A 



8A 



_ M + yjM 2 - 64Q 2 A + 8A 



8A 



1 _ M + ^JM 2 - 64Q 2 A - 8A 



r+ + 1 M + yjM 2 - 64Q 2 A + 8A' 



(33) 



(34) 





FIG. 5. Dependence of the bound of the greybody factor on FIG. 6. The (2 + 1) charged dilatonic potential with m = 1, 
the black hole mass in various dimensions. A = 0.1, Q = 1, and M = 10. 



5 



The exact transmission coefficient is given by Q 



V. THE CHARGED DILATONIC BLACK 
HOLES IN (3 + 1) DIMENSIONS 



T = 1 - 



cosh 2 


7TCJ 

4A 


7T 


\u? - 8m 2 A 
1 4A2 


- 1 




7TCJ 


7T 


/lu 2 - 8m 2 A 




cosh 2 






/ 4A2 


- 1 


4A 


+ 2\ 



(35) 



Figure [7] shows the greybody factors of the uncharged 
dilatonic black holes in (2 + 1) dimensions obtained from 
the 2x2 transfer matrices [Eq. (|3"3"]) ] and from Q [Eq. 
(|35[)]. The graph is plotted by setting m = 0, M = 10, 
Q = 0, and A = 0.3. The graph shows that when the 
energies of emitted particles increase, the greybody fac- 
tors also increase. It can be seen that the result derived 
from the 2x2 transfer matrices is quite accurate when 
compared with the exact result. At least, it is, really, a 
lower bound. Note that the 2x2 transfer matrices used 
to obtain the lower bound (|33l) are much easier than the 
methods used to obtain the exact result in Eq. (|35|) . 



Figure [8] shows the effect of the charges on the bound 
of the greybody factor. The graph is plotted by setting 
to = 0, M = 10, uj = 2, and A = 0.1. The graph 
shows that when the charges increases, the bound of the 
greybody factor decreases. This result is similar to the 
RN black hole's result; that is the charges behave as good 
barriers to resist tunneling of uncharged scalar particles. 

Figure [9] shows the effect of the cosmological constant 
on the bound of the greybody factor. The graph is plot- 
ted by setting m = 0, M = 10, u = 2, and Q = 1. 
The graph shows that when the value of the cosmolog- 
ical constant increases, the transmission coefficient also 
increases. That is the cosmological constant makes the 
gravitational potential produced by the black hole trans- 
parent. 



The Charged dilatonic metric in (3 + 1) dimensions is 
given by @ 



ds 2 = -f(r)dt 2 



1 



f(r) 



dr 2 +R 2 (r)dn 2 , (36) 



where 



f(r) = l- T -± and R 2 {r) = r 2 ( 1 - — 



with 



O 2 

r+ = 2M and r_ = — . 
+ M 



(37) 



(38) 



The equation of motion for the radial part is given by 



1 d 

R 2 (r)dr 

Let 



R 2 (r)f(r) 



du(r) 
dr 



io 2 1(1 + 1) 



f(r) R 2 {r) 



■dr, 



u{r) = 0. 
(39) 

(40) 



then 



d 2 u(r) (r — r + )(2r — r_) du(r) 



dr 2 r 2 (r — r_ ) dr 

2 i(i +mr 



R 2 {r) 



The potential is given by 



V(r) 



R 2 (r) ' 



u(r) = 0. (41) 



(42) 



The (3 + 1) charged dilatonic potential is plotted with 
I = 1, Q = 1, and M = 10 as shown in Fig. [TO] The 




FIG. 7. Dependence of the greybody factor on the energies 
of the particles emitted from the uncharged dilatonic black 
holes in (2 + 1) dimensions. 




FIG. 8. Dependence of the bound of the greybody factor on 
the charges for the charged dilatonic black holes in (2 + 1) 
dimensions. 
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lower bound on the transmission probability for h = oj is 
l(l + l)f(r) 



T > sech" 



= sech 





n OO 




/ — OO 




f-OC 


2w 





R 2 {r) 
1(1 + 1) 



-dr* 



R 2 {r) 



dr 



4 (2M 2 ) 



l(l + l)M/uQ 2 , 2M2 _ 2 y(J+l)M/«« 



(2M 2 ) i(z+1)M/wQ2 + (2M 2 - Q2y('+ 1 ) Ajr /"Q 2 



2 ' 



Figure QT] shows the effect of the charges on the bound 
of the greybody factor. The graph is plotted by set- 
ting M = 10, oj = 2, and I — 1. The graph shows 
that when the charges increases, the bound of the grey- 
body factor decreases. This result is also similar to the 
Reissner-Nordstrom black hole's and the (2 + 1) dimen- 
sional charged dilatonic black hole's result. That is the 
charges behave as good barriers to resist tunneling of un- 
charged scalar particles. 



VI. CONCLUSIONS 

The rigorous bounds presented in this paper only work 
for some potentials. Such potentials have to satisfy 
V(±oo) — > V±oo. In this paper, the bounds have been 
applied to various types of black holes. 

For the four-dimensional Reissner-Nordstrom black 
holes, the charges act as a good barrier. This can also 
occur for the charged dilatonic black holes both in (2 
+ 1) and (3 + 1) dimensions. For the Schwarzschild- 
Tangherlini black holes, a number of dimensions can 
shield Hawking radiation. 
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Appendix A: Schrodinger-like equation 

In this appendix we shall present some of the techni- 
cal details leading to the Schrodinger-like equation for 
scalar modes in the Reissner-Nordstrom geometry. The 
Reissner-Nordstrom (RN) metric is given by 

ds 2 = -Adt 2 + A^dr 2 + r 2 dfl 2 , 



where dQ 2 = d9 2 + sin 



A = 1 - 



A" 

2 and 
2GM G (Q 2 



P 2 



r 



Therefore, the metric tensor reads 



\9nA = 



-A 
A" 1 





r 2 sin 2 i 



(Al) 



(A2) 



(A3) 



and the inverse metric is given by 
-A" 1 



A 













■ 2 sin 2 i 



(A4) 



Consider a massless uncharged scalar field in this back- 
ground. Its equation of motion is the Klein-Gordon equa- 
tion 



0. 



(A5) 



100 120 140 



FIG. 10. The (3 + 1) charged dilatonic potential with I — 1, 
Q = 1, and M = 10. 
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Since the covariant derivative of a one-form is given by Putting it into Eq. (|A10I) . we derive 



V„u; M = dvUfi - T^wa, (A6) 



where the Christoffel symbol is defined by 
1 



= (d,g w + d^pv - d p g Ufl ) , (A7) 



we obtain 



V^^g^d^-g^T^dx^. (A8) 

Now, we compute the nonzero Christoffel symbols. We 
derive 



r 1 - 


-Ad r A, 
2 




—A^drA, 
2 ' 


1 22 _ 


-Ar, 


1 33 — 


-Ar sin 2 0, 


r 2 - 

1 33 — 


— sin 9 cos 0. 



Putting them in Eq. (|A8[) . we obtain 
VfyS = -A" 1 ^* + Ad 2 $ + ^9 2 $ + „ 1 „ _ ea$ 



r 2 r 2 sin 2 I 



, a n x. 2 a n ^ C0t 

+d r A9,.$ + -A9 r $ + — 5- 



(A9) 



Therefore, the Klein-Gordon equation (|A5[) becomes 

- A _1 5 t 2 $ + Aa 2 $ + ^a e 2 $ 



+ 



r 2 sin 2 



-dl<& + d r Ad r <S> 



2 cot 6> , . , 

— Afl r $ + — ~-0 e $ = 0. (A10) 



Let 



$ = £/(*, r)Y(0,< 



(AH) 




FIG. 11. Dependence of the bound of the greybody factor on 
the charges for the charged dilatonic black holes in (3 + 1) 
dimensions. 



r^A" 1 , r 2 A , 

—* U -!T* U 



2 d r A 
U 



d r U 



2rA 



— d r U = -d%Y + — — 
U Y Yam 6 



cot t 



■d 9 Y. 



diY 



(A12) 



We choose each side of the above equation to be equal to 
a constant — k 2 . The equation for U(t,r) is 

2 k 2 

-A- 1 d 2 t U + Ad 2 r U + d r Ad r U + -Ad r U = -^U, (A13) 

while the equation for Y(9, 4>) is 
1 



8iY 



diY + cot 6d e Y = -k z Y. 



sm 



(A14) 



Proceeding further, we obtain 

-^—d e [sin 6{deY)\ + -r^dlY + k 2 Y = 0. (A15) 
sm sin 6 

We find that k 2 = 1(1 + 1). Then, Eq. (jA"T3|) becomes 



A^dfU + Ad 2 U + d r Ad r U + -Ad r U = 



Let 



then 



U = T(t)<p(r), 



1 2 A 2 Ad r A 2A 2 

— d t l dip d r (p d r ip 

T tp ip - 



r<p 



Let 



-d 2 T 



-u 



r (A16) 
(A17) 

1(1 + 1)A 
^AIS) 

(A19) 



then Eq. (|A18[) becomes 



2A 2 

A d (p + Ad r Ad r (p H d r p = 

r 



Now, we make change of variable 

1 



1(1 + 1)A 



ip. 
(A20) 



tpM = -^(r). (A21) 
r 

Putting it into Eq. (fA"20]) . we derive 

Z(Z + 1)A Ad r A 



A 2 ^ 2 ^ + Ad r Ad r ip + lu 2 iJj 
We define 



d 2 t = A 2 d 2 + Ad r Ad r . 



(A22) 



(A23) 



Therefore, 



then we derive 



d r r„ = A -1 , 



= / A dr. 



(A24) 



(A25) 



From Eq. (IA2[) , we can write r* in terms of r 



+ GM \n\u 2 
G 2 M 2 + A 2 



A 2 



2A 
Mm 
G 2 M 2 - B 2 



In 



u - A 



u + A 



r = ) r + GM In \u 2 + B 2 \ 



■ arctan — , 
/j G 2 M 2 



GM 2 >Q 2 + P 2 

GM 2 <Q 2 + P 2 
GM 2 = Q 2 + P 2 



where 



u=r- GM 
A 2 = G 2 M 2 - G (Q 2 + P 2 ) 
B 2 = -G 2 M 2 + G(Q 2 + P 2 



(A26) 



With this coordinate r, defined in Eq. (fX23|, Eq. ([A"22j) 

becomes 



where 



d 2 tfj 
dr 2 



V(r) 



+ [oj 2 - V(r)] V = 0, 



i(Z + l)A Ad r A 



(A27) 



(A28) 



Appendix B: Greybody factor from the WKB 
approximation; Derivation of Eq. (|13[) 

By using the WKB method, the approximate trans- 
mission coefficient is given by [J] 



T m T WK B = exp 



Im / p(x)dx 



(Bl) 



where 



p(x) = y/2m[E -V(x)]. (B2) 
In particular, we want to compute 

p r dr. 

The radial momentum can be written as an integral 

f^out rPr 



p r dr 



dp' r dr. 



(B3) 



From the Hamilton equation 
dH 

dp r 

the above integral becomes 



r, 



(B4) 



p r dr = / —dr. (B5) 

Jr in JM r 



We change the variable H to lj' 

at /-rout p ^/ 



dr. (B6) 



We have to know r. Starting from the Reissner- 
Nordstrom metric in Eq. (|Alj) 



ds = -Adt RN + A~ dr + r dQ , (B7) 

we shift the Reissner-Nordstrom time tjnq by a function 
of r to avoid the singularities 

t RN =t + f{r) 
dt RN =dt + f'{r)dr 
dt 2 RN = dt 2 + 2f'(r)dtdr + [f'{r)] 2 dr 2 . 

Therefore, 

ds 2 = -Adi 2 -2A/'(r)dtdr-A[/'(r)] 2 dr 2 +A- 1 dr 2 +r 2 dfi 2 . 

(B8) 

We choose f(r) such that the coefficient of dr 2 is equal 
to one 



A/'(r) = ± 



2GM G{Q 2 + P 2 ) 



= ±Vl - A. (B9) 
Putting it in Eq. (|B8|) , the new metric can be written as 



ds 2 = -Adt 2 + 2a/I - Adtdr + dr 2 + r 2 dfl 2 . (BIO) 
The radial null geodesies can be found by 



= ds 2 = - Adt 2 + 2-\/I - Adtdr + dr 2 , (Bll) 
leading to 

-i-VT^A ■ (B12) 

Therefore, integral (|B6[) becomes 



p r dr = — 



r in JO 



-dui'dr, (B13) 



where 



V2G (M — u')r — G {Q 2 + P 2 ). (B14) 



Thus, dx = —(Gr/x)du>' and we obtain 



p r dr 



rout r^2G(M-u)r-G(Q 2 +P 2 ) 



y/2GMr-G(Q 2 +P 2 ) 



2Guj M 

2 



r — x Gr 



-dxdr 



(M - a;)y / G 2 (M - us) 2 ~ G (Q 2 + P 2 ) 

(B15) 



+hly/G 2 NP -G(Q 2 + P 2 ) 
Therefore, from Eq. (|Bl"j) 
T ss Twkb 



exp 



2vr 



{2^(M-|) 



-(Af - w) ^ G 2 (M - cj) 2 - G (Q 2 + P 2 ) 
+M^G 2 M 2 -G{Q 2 + P 2 )} 



(B16) 
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